L25 An Example

1. The problems and initial analysis

(1) The problems
There are two Poisson populations with means A; and Ao. We want to compare the two
means. Specifically we want to test

’HO:)\lgz\gversusHa:)\1>)\2"Ho:)\lz)\gversusHa:)\1<)\2‘
Hy: A\ = Xy versus Hy : /\17&/\2‘

(2) Initial analysis
Let X1, ..., X;,, be a random sample from Poisson(A;) and Y7, ..., Y, be a random sample
from Poisson(Az). Then the joint pmf of two samples is

-, <%6—A1> T2, (ﬁe—&) _ m emmiAi—nads \ X 551‘)\22:]' vi

= exp [P A2) + (01, s Ty 1, i) + (A (S 1) + (I A2) (3572, )]

= exp[p(\1, A2) + (@, y) + (I AD(DE, @) — () (12, 1)

() (7 1) + (0 2) (272, 35)]

= oxp [pOa a) +a(@, y) + (I 3) (0 @) + (nda) (X0 s+ 272,05 )|

(3) Reparameterization
Let # =1n i—; and 7 = In Ao. Then the joint pmf of samples becomes

f(@, 4 0, 7) = exp [pu(0, 7) + g2, y) + 0T (x) + 75(2,y)]
where T'(X) =37, X; and S(X, V) =371, X; + 302, Y. Also

’HO:)\lgz\gversusHa:)\1>)\2‘(z)’ HO:GSOVersusHa:0>O‘
’HO:)qZ/\gversusHa:)\1<)\2‘(z)’ HO:GZOVersusHa:9<O‘
’HO:)q:)\zversusHa:)q;«é)\g‘(z)’ H0:0:0VersusHa:97é0‘

2. Frameworks

(1) Onme-sided tests with nuisance parameter

x,y; 02, T ex Os, 7
Note that 0y < fy = HLL02T) - SPPELT exp((9, — 0)T(x)

is an increasing function of T'(z) for all S(z,y).
S(X,Y) is sufficient and complete for 7. Thus we obtain conditional a-level UMP tests

Hy: 0<O0versus H,: 6 >0 Hy:0>0versus H,: 6 <0
1 T>61(S) 1 T<CQ(S)
o(T)=4q r T'=cS) p(I) =4 r T =ca(S)
0 T<61(S) 0 T>CQ(S)
with Eg—o[¢(T)[5] = with Eg—o[¢(T)[5] =

(2) Two-sided test with nuisance parameter
The following is conditional a-level UMP



Hy: 0=0versus Hy,: 6 #0
1 T<ce(S)orT > ca(S)
d(T)=< ri T=c¢(9),i=1,2
0 (9 <T <ea(S)
with Eg—o[¢(T)[S] = a and Eg—o[T$(T)|S] = aEp=o(T|S).

3. Implementation

(1)

Distributions of 7', S and (T, S)

t
T =>"", X; ~ Poisson(ni A1) with pmf fr(¢; A;) = % e~
H = 3712, Y; ~ Poisson(nz2A2) with pmf fr(h; A2) (nr"h#f)h e"n2A2,

S =T+ H ~ Poisson(ni A1 + noAg) with pmf fg(s; A1, A2) = (mm;i,mkz)g e~ (MA1+n2hz)
T and H = S — T are independent. So the joint pmf of (7', S) is

fir,s)(t, 85 A1, A2) =

T=tS=s X, )=PT=tT+H=s; A\, \2)
T:t, H:S—t; )\1, )\2) :P(T:t, )\1)P(H:8—t; /\2)
Possion(ni A1) = t) P(Poisson(naAg) = s — t)

(n1>\1)t67n1)\1 . (n2)\2)s_t e*n2)\2
t! (s—t)!

ﬁ(nl)\l)t (nghg)®~te—(mArtnadz),

P
P
P

Conditional distribution of T'|.S when 6 = 0

The conditional pmf of T'|S, frs(t) = JC(TJ}::*ES’S), is

S' n1/\1 t n2/\2 st _ S n1)\1 t 1— 7’L1)\1 st
t! (S —t)! niA1 + nalds niA1 + nalds o\t niA1 + nods n1A1L + N2 A2 '

So T'|S ~ Binomial (S, %)
Note that = 0 <= A} = Ay —> nl)ﬁ:\éQ)\z = m’llm and T'|S ~ Binomial (S, anz)'

An example
For Hy : Ay < X9 versus H, : A1 > X9 with level 0.05 we observed n; = 10, no = 15,
T, =5 and Sy, = 7. So in

>
p(T)=< r T =c with 0.05 = Eg_o[¢(T)|5]

718" B (sob, ﬁ) — B(7, 0.4) and

0.05 = a = Ey_o[¢(T)|S = 7] = P(B(7, 0.4) > ¢) + rP(B(7, 0.4 = ¢)).

From P(B(7, 0.4) > 5) = 0.01884 < 0.05 and P(B(7, 0.4) > 4) = 0.09626 > 0.05, ¢ = 5
7,0.4

_ 0.05—P(B(7,0.4)>5) _
and 7 = ~——pp7 oay=p) = 0.4025.

With T, = 5, we reject Hg with probability 0.4025.




L26: Tests and confidence regions

1. From tests to confidence regions

(1) a-level test

Ho:0=00vs Hy: 0+ 0
For a-level test Test statistic: 1T = iZ—'()(7 90)
Reject Hy if T € A€ for significance level o

With significance level a, Pp,(T e A°) <a<= Py, (T € A)>1—-a.

(2) 1 — « confidence region for ¢
C(X) is a 1 — « confidence region for § € RF
if C(X) is a random region in R¥ and Py(§ € C(X)) > 1 — a.

(3) Converting acceptance region to confidence region
From a-level test with test statistic T'(X, 6y) and acceptance region A, define C(X) by

T(X, 6p) € A<= by € C(X).

Then C(X) is a 1 — a confidence region for 6.
Proof. Pg(@ S C(X)) = P90(90 € C(X)) = PQO(T(X, 90) € A) >1—a. So

T(X, 0) € A with significence level o <= 0 € C(X) with confidence coefficient 1—a.

Ex1: From a-level t-test on u in N(u, 02)

Ho: p=povs Hoy: p# po

iotics f — X THO
Test statistic: ¢ = NG

Reject Ho ift < —ty/9(n—1) ort >t,n(n—1)

find a 1 — « confidence interval for u.

te A — f/—\;g € [~taja(n—1), tao(n —1)]

= o€ [X—tap(n—1)2, X +tapln— 1) 2],

Thus X + tos2(n — 1)% is a 1 — « confidence interval for u.

2. Applications

(1) Is 6y in 1 — o confidence region for 67
Suppose 1 — « confidence region C(X) is generated from a-level test with test statistic
T(X, 6p). Based on

T(X, 0) € A with significence level o <= 0 € C(X) with confidence coefficient 1 — cv.
we need to test Hy : 0 = 0y versus H, : 6 # 6 at significance level a.

If Hy is rejected, i.e., T'(X, 6p) € A, then 6y is not in 1 — a C.R. for 6
If Hy is accepted, i.e., T(X, 0y) € A, then 6 is in the 1 — «a C. R. for 6.



(2) Find smallest confidence coefficient such that 6 is in the confidence region.

0 € C(X) with confidence coefficient 1 — «
<~ T(X, 0) € A with significence level a <= p-value > «
< 1—p-value<1-—a.

Thus we need to test Hy : 0 = 0g vs H, : 0 # 0p. Then the smallest confidence coefficient

with which 6y is in the confidence region is 1 — (p-value).

Comment: While computer can give p-value for a test quickly, the computation for
confidence region might be tedious. For example with x4 € RP in N(u, ¥), 1 — «
confidence region is given by

n

(n - XY (S) (4 —X) < T2(p, n— 1)

where T2(p, n — 1) = %Fa (p, n — p). So to get questions on confidence region
answered via testing has practical significance.
3. Extension

With a-level test using test statistic 7' = T'(X, 6y) where 6y € Hy

Hy: 0 Hyvs Hy: 0 & Hy
Test statistic: T'= T'(X, 6p)
Reject Hy if T € A€ for significance level «

Define C(X) by T'(X, 6p) € A <= 6y € C(X). Then
0 € C(X) with ccl — a <= T(X, 6y) € A° with SL «
Proof. Pg(@ S C(X)) = PQU(T(X, «90) S A) =1- PQO(T(X, 90) S AC) >1—a.

Ex2: From a-level lower-sided H, t-test

Ho:p>povs Hy: p < pig
s s X
Test statistic: T = s/\/ﬁo
Reject Hy if T' < —tqo(n — 1) for significance level a

€ (—to(n—1), 00) <= po € (—oo, X +to(n — 1)\;2) .

Thus (—oo, X +to(n— 1)—) is a 1 — o lower-sided confidence interval for u.

n

Ex3: Suppose

Ho: p>povs Ho: < pip
Test statistic: T = f/_\;%o
p-value: P(t(n —1) < top)
p-value: 0.03.

Reject Hy at the level 0.05.

Then pg is not in the 95% lower-sided CI for
The smallest cc of CI containing pg is 1 — 0.03 = 97%.



